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LOCAL PROJECTIVE RESOLUTIONS AND TRANSLATION
FUNCTORS FOR KAC-MOODY ALGEBRAS

WAYNE NEIDHARDT

ABSTRACT. Let g be a Kac-Moody algebra defined by a not necessarily sym-
metrizable generalized Cartan matrix. We define translation functors and use
them to show that the multiplicities (M (w1 - A) : L(wz2 - A)) are independent of
the dominant integral weight A, depending only on the elements of the Weyl
group. In order to define the translation functors, we introduce the notion of
local projective resolutions and use them to develop the machinery of homo-
logical algebra in certain categories of g-modules.

1. Introduction. Translation functors were introduced, in the case of a finite-
dimensional split semisimple Lie algebra over a field of characteristic zero, by
J. C. Jantzen in [5]. These functors can be used to show that the multiplici-
ties (M(wy - A) : L(wz - X)) of irreducible composition factors in Verma modules
are independent of the dominant integral weight A, depending only on the elements
w; and we of the Weyl group. In generalizing to the case of infinite-dimensional
Kac-Moody algebras, several difficulties arise. Not every integral weight is conju-
gate to a dominant integral weight, so only certain translations are possible. A
bigger obstacle is presented by the fact that it is possible for (M(A) : L(u)) to be
nonzero when A and p are not in the same Weyl orbit. This can occur even in the
special case of a symmetrizable generalized Cartan matrix, if A is not conjugate
to a dominant integral weight. In the symmetrizable case, however, the Casimir
operator gives us enough control over this phenomenon to be able to define the
translation functors without too much difficulty, in a manner analogous to that of
[8]. This was done in [10], and the multiplicities (M (w; - A) : L(wa - A)) were shown
to be independent of the dominant integral weight A. If we do not assume that the
generalized Cartan matrix is symmetrizable, however, then we no longer have the
Casimir operator, and we must find another way to define the translation functors.

In the present paper, we define translation functors T} for the case of a not
necessarily symmetrizable generalized Cartan matrix, assuming that A, v, and v— X
are dominant integral. These functors are used to show that the multiplicities
(M(wq - A) : L(wg - X)) are independent of the dominant integral weight A.

In order to define the functors T}, we first define a sequence of homological
functors Wy (k=0,1,...). The functors W} allow us to pick out the appropriate
irreducible factors with highest weights in the orbit W - v, and will take the place
of the Casimir operator in the definition of T} . In order to define the functors Wy,
we need to do some homological algebra in the appropriate category of modules,
which unfortunately does not have enough projectives. Thus we are led to define
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the notion of local projective resolutions, and these are used to define the functors
W¢ and to prove their homological properties.

It should be remarked that one can prove the result concerning the multiplicities
(M(wy-A) : L(we-A)) without using all of this machinery. It is to be hoped, however,
that translation functors will be a useful tool in the representation theory of Kac-
Moody algebras, as they are in the finite-dimensional case. Also, local projective
resolutions may be used to define other homological functors in addition to the
functors W, and the functors W may have uses other than defining translation.
In short, the tools introduced here, though not indispensable for the multipilcity
result, are perhaps more interesting than the result itself.

In §2, we introduce the basic definitions and notation regarding Kac-Moody
algebras. Local projective resolutions are introduced in §3, and are shown to have
the usual properties one would expect of projective resolutions. §4 is devoted to
the structure of modules having filtations whose factors are Verma modules. The
results of §§3 and 4 are combined to define the functors W/ in §5, where they are
shown to have the usual homological property of taking short exact sequences to
long exact sequences. In §6, we do a deeper analysis of the functors W[/, and apply
the results in §7 to define translation functors T} and study their effect on Verma
modules and irreducibles, obtaining the result on multiplicities.

2. Definitions and notation. We give here the basic definitions and notation
associated with Kac-Moody algebras and their representations. We also define
certain types of filtrations on modules, which will be needed in the sequel.

Let A = (A;;) be an [ x [ generalized Cartan matrix (GCM), i.e. a matrix with
integer entries satisfying A;; = 2 for all ¢, A;; < 0 for ¢ # j, and A;; = 0 if and
only if A;; = 0. Let K be a field of characteristic zero, and let g be any Lie algebra
over K satisfying

(1) g is generated by a finite-dimensional abelian subalgebra b, called the Car-
tan subalgebra, and elements e;,...,e;, f1,..., fi, called simple root vectors and
negative simple root vectors, respectively.

(2) There are linearly independent sets {hy,...,h;} in h and {ay,...,q;} in b*,
the dual vector space of b, such that A;; = a;(h;) for all 7 and j. The a,’s are
called the simple roots, and the h;’s are called the simple coroots.

(3) [e,-,fj] = 6,'jh,‘ for all Z,j = 1, .. .,l.

(4) [hye;]) = a;(h)e; and [h, f;] = —a;(h)fi forallhebhand alli =1,... L

(5) (ade;) 4+ (e;) = 0 = (ad f;) A+ (f;) for all 1 # J.

(6) There is an involutive antiautomorphism o:g — g such that o(e;) = f; for
alli=1,...,l,and o(h) = h for all h €h.

For each GCM A, such an algebra g exists and is called a GCM, or Kac-Moody,
Lie algebra defined by A. These objects were introduced in [6, 7].

Let n* (respectively, n~) denote the subalgebra of g generated by e,...,¢
(respectively, fi,..., fi). Set b =h@nt (vector space direct sum), called the Borel
subalgebra of g.

Fori:=1,...,l, let aq; = Kh; + Ke;, + K f;. It is easy to see from the relations
that a; is a subalgebra of g isomorphic to si(2, K).

For any h-module M and any A € b*, let M), = {m € M|h-m = A(h)m for all
h € b}, called the A-weight space of M; if M) # 0 we call A a weight of M. In case
M is an h-module satisfying M = P Aeh- M), with each M, finite dimensional, we
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call M a weight module, and we write II(M) for the set of weights of M. If M is
a weight module, we define its character to be ch M = 3_ . (dim M, )e#, where
the e#’s are formal exponentials. Note that this discussion applies equally well to
g-modules and b-modules, which may be viewed as h-modules by restriction.

In the sequel, whenever M and N are g-modules which are weight modules, we
will write Hom(M, N) for the set of g-module homomorphisms from M to N, and
Ext(M, N) for the set of equivalence classes of extensions of M by N in the category
of weight modules.

Suppose M is a g-module. If v € M), is a nonzero vector satisfying n* - v = 0,
we call v a maximal vector. If in addition M = U(g)v, where U(—) denotes the
universal enveloping algebra functor, we call v a highest weight vector and call M
a highest weight module of weight A. Every highest weight module is a weight
module.

For any A € h*, let K(A) denote the one-dimensional b-module whose underlying
vector space is K and whose b-module structure is given by (h + z) - k = A(h)k for
allheh, z€nt, and k € K. Then the Verma module of weight A is the induced
g-module M()) = U(g) ®up) K(A). It is well known that M(X) is the universal
highest weight module of weight A, and that M (\) has a unique irreducible quotient,
denoted L(\).

Define the root lattice @ to be the free abelian group with basis {ay,..., 0} C
h*, and let Qt = {Zi=l kia;|k; € Z for all i}, where Z, denotes the set of
nonnegative integers. Define a partial order < on §* by u <Aif A —p € Qt.

Let P = {X € h*|\(h;) € Z for all i}. We call P the set of integral weights, and
the set P* = {)\ € h*|\(h;) € Z for all 1} the set of dominant integral weights.

For each ¢ = 1,...,[, define the linear involution r;:h* — b* by r;(A) = X —
A(hi)a; for all A € b*. The Weyl group W is defined to be the subgroup of GL(h*)
generated by {r,...,7}. For any w € W, we define the length of w, denoted {(w),
to be the smallest n such that w may be expressed as w =r;, ---r;,,. Let p € h* be
a fixed element such that p(h;) =1 forallz=1,...,l. We define the dot action of
Wonh*by w-A=w(A+p)—pforallweW,\ep*.

We now define certain types of filtrations of modules which will be useful in the
sequel.

DEFINITION 2.1 Let M be a weight module. By a Verma series (VS) for M, we
mean a filtration of M by submodules 0 = Mo C M; C --- such that M = {J,5, M;
and such that each factor M;/M;_; is isomorphic to some Verma module M();).
The filtration may be either finite or infinite. For any u € h*, if M has such a VS,
we define (M : M(u)) to be the number of ¢ such that A\; = p.

DEFINITION 2.2 [2]. Let M be a weight module and let 4 € h*. By a local
composition series (LCS) for M at u, we mean a finite filtation of M by submodules
0=MyC M, C - C M, =M such that each factor M;/M;_; either has no
weights > u or is isomorphic to some L(A;) with A; > u. If M has such an LCS at
u, we define (M : L(u)) to be the number of 7 such that \; = u.

REMARK. In general, it is unusual for a weight module to have a VS, but, in the
categories we will be using, modules always have LCS. In any case, the numbers
(M : M(p)) and (M : L(p)), when they exist, do not depend on the particular
filtration, as may be seen from character considerations.
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3. Projectives and local projective resolutions. We first give the basic
properties of the projective modules constructed in [11]. These modules are then
used to introduce the notion of a local projective resolution, and these resolutions
are shown to have nice homological properties.

We will need to work in certain categories C()), where A € h*. The category
C(]) is defined to be the full subcategory of the category of g-modules M such that
M is a weight module and such that 4 < A for all 4 € II(M). These categories
were introduced in [11]. We note here that for any M € ObC()) and any u € b*,
an LCS for M at u exists, as shown in [2, Proposition 4.2].

For the remainder of this section, we fix A € h*. Since there is an h-invariant
pairing of n* and n~, we may use the results of [11] on projectives in C()). We
list here those specific results which we will need.

PROPOSITION 3.1 [11, PROPOSITIONS 4.1 AND 4.5 AND COROLLARY 4.2].
For each u < A, set

P(p)=U(@®) ®uw | UMY/ | D Ukt | ®x K(u)
ptragi

Then, for every M € ObC(A), Hom(P(u), M) is naturally isomorphic to
Homy (K (), M),

80 that P(u) is projective in C()). Furthermore, each P(u) has a finite VS, with
(P(p) : M(v)) =dimU(n*),_, for all p,v < A.

PROPOSITION 3.2 [11, PROPOSITIONS 4.5, 4.7, AND 4.8, LEMMA 4.12,
COROLLARY 4.13, AND THEOREM 6.2]. Let L(u) be an irreducible object in
C()). Then there is a unique finitely generated indecomposable projective object
tn C()), denoted I(n), which maps onto L(u). Conversely, any finitely generated
indecomposable projective object in C()) has a unique irreducible quotient, so that
L(p) — I(u) gives a one-to-one correspondence between the irreducible objects in
C(A) and the finitely generated indecomposable projective objects in C()). Further-
more, I(n) is a direct summand of P(u), and I(n) has a finite VS with M(u) as
the top factor, and with (I(n) : M(v)) = (M(v) : L(u)) for all p,v < A,

PROPOSITION 3.3 [11, PROPOSITION 5.3]. For any M € ObC(A) and any
p <A, (M : L(p)) = dim Hom(I k), M).

Observe that P(u) is cyclic, since it is generated by 1 ®1® 1, which is of weight
. Since I(u) is a direct summand of P(u), it is also generated by a vector of weight

U

Although C()) does not have enough projectives, there is one case in which we
may construct projective resolutions, i.e. for the case of a module with a finite VS.
First note that dim Hom(I(u), M (1)) = (M () : L(p)) = 1, so that for any nonzero
f € Hom(I(p), M (1)), Ker f is independent of the choice of f. We denote Ker f by
S(u). Observe that if 0 =My C M; C -+ C Mp—1 C My, = I(u) is a VS for I(u),
then M, /M,_1 = M(u) and M,_; = S(u). Thus, S(u) has a finite VS, whose
factors are of the form M(v) with u < v < A.
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LEMMA 3.4 [8, LEMMA 5.2]. Suppose M € ObC()) has a finite VS 0 =
My C M, C--- C M, =M, wih factors M;/M;_1 = M(u;) fori =1,...,n
Then there i3 an epimorphism ¢: @:;1 I(p;) — M such that Ker ¢ has a filtration
0=SCSC---CS,=Ker¢ withSi/Si_l ES(IM) fori=1,....n

PROOF. We use induction on n. If n =1, then M = M(u,), and from the short
exact sequence
0— S(p1) = I(p1) = M -0,

the assertion follows.

Suppose n > 1. By induction, there is an epimorphism v: @, 1 I(p;)) - Mp_1
and a filtration 0 = S C S; C --- C Sp_1 = Ker®y with S; /S, 1 = S(u) for
i=1,...,n—1. Composing this with the inclusion M,,_; C M, = M gives a
homomorphlsm ¥ @"_1 I(u;) = M, with Ker9 = Kery and Im% = M,_;. We
also have the natrual epimorphism 7: I(un) — M(un) = M, /M,_, with Kerm =
S(urn). By projectivity of I(u,), there exists 7: I(n) — M such that the following
diagram commutes:

I (Nn)

™ l1r

M - Mn/Mn—l - 0

Define ¢: @7, I(u:) = (DI, 1(1:)) ®I(un) — M by ¢(z,y) = P(z) +7(y). This
gives the following commutatlve dlagram with exact rows:
0 - @5 Iw) - O Iw) — Iw) — 0
lv le L
0o — M, - M i n/Mn—l - 0

By the Short Five Lemma, ¢ is an epimorphism, and by the Snake Lemma we
obtain an exact sequence
0 — Kery — Ker ¢ — Kerm — Coker ¢ = 0.

But this gives a filtration 0 = Sy C S; C --- C Sy—1 = Kery C Ker ¢ of Ker ¢ with
Si/Si—1 = S(u;) fori=1,...,n—1 and Ker¢/Kery = Kerm = S(u,). Setting
S, = Ker ¢ gives the result.

THEOREM 3.5. Let u < A, and suppose M € ObC()) has a finite VS with
factors of the form M(v) with v > u. Then M has a projective resolution in C())

d
Limgip dn  dp R Lo

such that each P, is a finite direct sum of various I(v) with v > u and each
Kerd, =Imd,=; has a finite VS of the same form as that of M.

PROOF. This follows easily by inducation on n, using the lemma and the fact
that each S(v) has such a VS.

REMARK. The resolution in the above theorem can be shown to be finite without
too much effort. We will not need this fact, however.

In general, if M € ObC()), we cannot construct a projective resolution of M in
C()), since there are not enough projectives. Thus, we introduce the notion of a
local projective resolution, and prove some of its basic properties.
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DEFINITION 3.6. Let u € h* and M € ObC()). A local projective resolution of
M at p is a complex

—»Pk—->—)P0—>M—>O

in C()A), where each Py is a finite direct sum of various I(v) with v > u, and such
that for any x > u, the restriction

"‘_’(Pk)x_’"‘—’(PO)x—’Mx_’O

to the x-weight spaces is exact.

Thus, a local projective resolution, although not necessarily an exact resolution,
is exact “locally,” i.e. above the u-weight space. The restriction we have placed on
the indecomposable projectives involved is used to ensure that the projectives are
generated by weight vectors above the u-weight space, a property which will allow
us to do the usual homological algebra.

PROPOSITION 3.7. For any u € h* and M € ObC(])), there exists a local
projective resolution of M at p.

PROOF. By (2, Proposition 4.2], thereisan LCSO=My C M; C--- C My =M
for M at u. We show, by inductionon¢ = 1,..., k, that there is a projective module
Qi which is a finite direct sum of various I(v) with v > u and a map Q; — M;
with (Q;)y — (M;)y surjective for all x > u. For 7 = 1, if M; has no weights > pu,
we take Q; = 0. Otherwise, we have M; = L(u;) for some u; > u, and we take
@1 = I(11) and Q1 — M, to be the epimorphism given in Proposition 3.2. Now
assume we have already constructed @; and the map @; — M; as stated, where
1 <1<k If M;y,/M; has no weights > u, we take Q;+1 = @; and Q; 41 — M;4+;
to be the composition Q; — M; C M, ;. Otherwise, we have M, /M; = L(y;+1)
for some p;4+1 > p. Arguing exactly as in the proof of Lemma 3.4, we may construct
the commutative diagram with exact rows

0 - Qi — Qi®I(p+1) — I(pip) — O
! ! !
0 - M - My, - My /M; — 0

and we take Q;+1 = Q; @ I(ui+1), completing the induction.

Setting Py = Qx, we have the complex Py, — M — 0 whose restriction to the
x-weight spaces is exact for any x > p. Continuing the process with Ker(Py — M)
in place of M gives the result.

The next two propositions show that local projective resolutions may be used
as basic tools for doing homological algebra in C(A). Their proofs are essentially
the same as in the classical case of projective resolutions, with a little extra care
needed since we have exactness only at certain weight spaces.

PROPOSITION 3.8. Let M,N € ObC(}), and let uy > uo. Suppose
P % PR M

1s a local projective resolution of M at uy, and suppose

’

dl
RS T SN T V)
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18 a local projective resolution of N at uy. Given ¢ € Hom(M, N), there is a
morphism of complezes:

- P % ... o5 P B M S o0
bl b0l lo
— Qk ﬂ) PR — QO d—°> N —- 0

Furthermore, any such morphism of complexes is unique up to homotopy.

PROOF. Let So = 3_,5,, Nu, a vector subspace of N, and let Vo = U(g)So € N.
Since u; > p2, we have Sy C Imdj and hence Vy C Imd;. Now Py is the direct
sum of various I(v) with v > u;, and each I(v) is generated by a vector of weight
v, which maps via ¢ o dp into Sp, so that Im(¢ o dy) € Vo C Imdj. Thus, by
projectivity of Py, there exists ¢o: Po — Qo such that dj o ¢o = ¢ o dp.

Now suppose that we have constructed ¢y, ..., ¢x—1 such that the diagram
- P ﬂ‘) Pi_; dk—_»l A ) £1—0> M —- 0
br-11l ¢ol ¢l
dj - dg
- QB Qo 5 = Q@ BN -0

has commutative squares. Let Sk = 3_ 5, (Imd}), =3, 5, (Kerd_,)., a vector

subspace of Qk_1, and let Vi = U(g)Sk C Imdj. Since Py is the direct sum of

various I(v) with v > u;, and each I(v) is generated by a vector of weight v, which

maps via ¢x_ ody into (Kerd)_,) C Sk by commutativity of the diagram, we have

Im(@x—10dx) C Vi C Imdj).. Hence, by projectivity of Py, there exists ¢x: P — Qx

such that dj o ¢x = @x_1 odi. By induction, we obtain our morphism of complexes.
It remains to show uniqueness up to homotopy. Suppose that

— Pk ﬂ‘» e — PO -d—9> M — 0
Lok Lo 1o
— Qk ﬂ‘) e QO (—1—0> N — 0

is another morphism of complexes. Then (¢o — ¥o)FPo C Kerd; by commutativ-
ity. By considering the generators of the various summands of Py, we see that
(¢0 — o) Po C Imdj, so that by projectivity of Py we obtain hg: Py — @Q; such that
d} o hg = ¢o — ¥o. Assume we have already constructed hg,...,ht—; such that
hi: P; — Qi for each 4, dy o hg = ¢o — %o, and d] | o h; + h;_; od; = ¢; — 9, for
t1=1,...,k—1. Then

di o (¢k — Yk — hx—10dx) = dj o (¢ — Vi) — dj, © (hx—1 o di)
= (¢k~l - wk—l) ody — (d;c Ohk_l) odg

= (Pk—1 — Yk—1 — dj 0 hg—y1) 0 di
= (hk_godk_l)odk =0

Thus, (¢x — ¥ — hk—1 0 dk)Px C Kerd), and by considering generators of the
summands of P, we have (¢x — ¢k — hk—1 0o di)Px C Imd) . ,. By projectivity of
Py, there exists hg: P, — Qk41 such that d;c+l ohr = ¢r — Y — hg—1 odk. That
is, dj 1 © hk + hx_1 o dx = ¢x — ¥k, and by induction we obtain the homotopy.
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LEMMA 3.9. Let u € h*, and suppose
0o-MEMEM 0
18 a sequence in C(\) whose restriction to the x-weight spaces is exact for every
X > u. Suppose also that
LpBp o
and
LM 0
are local projective resolutions of M' and M", respectively, at u. Then, with Py =
0 ® Py, there is a commutative diagram
0 - PBp - P — P — 0
(3.1) ldg Ldo ldg
0 - M & M 4L M - 0
where the top row is exact (the maps being the canonical injection and projection),
and the restriction of the maps in the top row gives the sequence

0 — Kerdy — Kerde — Kerdj — 0

whose restriction to the x-weight spaces is exact for every x > u. Furthermore, for
any x > p we have (Imdp), = M,.

PROOF. Let S =3 5, M) and V = U(g)S. By hypothesis, S C Im¢ and
hence V C Im . Since P” is generated by vectors of various weights v > u, which
map via dg into S, we have Imdy CV C Im. Thus, since Py is projective, there is
amap f: Py — M such that ¢ o f = djj. Setting Py = €BP6’ , define do: Py — M
by do(z, y) = ¢ ody(z) + f(y). This gives the commutative diagram (3.1), with
top row exact. Also, for any x > u, restricting (3.1) to the x-weight spaces and
applying the Snake Lemma gives the exact sequence

0 — (Kerdy)y — (Kerdo)y — (Kerdg)y
— (Cokerdy)y, — (Cokerdp)y — (Cokerdy), — 0.

By hypothesis, (Coker dy), = 0 = (Cokerdy),. Using this in (3.2) gives two conse-
quences: (Cokerdp), = 0 and there is a short exact sequence

0 — (Kerdp)y — (Kerdp)y — (Kerdg)y — 0

which are the desired conclusions.

(3.2)

PROPOSITION 3.10. Let u € b*, and suppose
0o-MIEMEM 0

13 a sequence in C()\) whose restriction to the x-weight spaces is exact for every
X 2 u. Suppose also that

d d}
.._,p;l_",...__, ' O M —

and

d dll
S PSSP M S0
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are local projective resolutions of M’ and M", respectively, at u. Then, setting
P, = P, ® P! for each n, there exist maps do:Po — M and dn: P, — Pp_;
(n=1,2,...) such that
dn do
=P, 3> P->M-0

18 a local projective resolution of M at pu, and

0 0
L l
— P - SR Ppb — 0
! |
R S N
L 1
! l
0 0

18 a short ezxact sequence of complezes, where the vertical maps are the canonical
injections and projections.

PROOF. We define do: Py — M as in the lemma. Note that
, n ) 4 /
=P — .. — P, > Kerdy — 0
and
/! dl': /" dll’ U
—'Pn —’—’Pl —'Kerdo—'o
are local projective resolutions of Kerd; and Ker dj, respectively, at u, and that
0 — Kerd — Kerdy — Kerdy — 0

satisfies the same hypotheses as the original sequence, by the lemma. Thus, we
may define d;,ds,... inductively.

4. Modules with Verma series. In this section we prove certain results
regarding the structure of modules having a VS. Note that since the projective
modules occurring in local projective resolutions have VS, these results may be
applied to the projectives. This will be done in the next section to define the
homological functors.

We begin by stating some known properties of Verma modules.

PROPOSITION 4.1 [9, PROPOSITIONS 2.1 AND 2.4 AND LEMMA 3.1]. Let
u,v €bh*. Then (M(v): L(p)) # 0 ¢f and only +f Hom(M (u), M (v)) # 0 (i.e. there
18 an tmbedding of M () in M(v)). Also, if M is a highest weight module of weight
v and Ext(M(u), M) # 0, then (M(v) : L(u)) #0 and v > p.

LEMMA 4.2. Let 0 = Mg C M, € --- C M, = M be a finite VS for the
weight module M, with factors F;, = M;/M;_; = M();) fori = 1,...,n. If
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Ext(M(An), M(X;)) =0 for all v < n, then there is another VS 0 = M} C Mj C
<+ C My = M for M with the same length, such that M] = M()y) and M, /M =
Mi/Mi—l =F¢ fori: 1,...,n—1.

PROOF. Since Ext(M(Ay), F;) =0 for all 7 < n, we have Ext(M(\,,), Mp—1) =
0. Thus, the short exact sequence

0->M,_y > M, - M(A,)—0

must split. Let ¢: M(A,) — M, be a splitting map. Then, setting M; = Im ¢ and
setting M, ; = M; ® Mj for i = 1,...,n — 1 gives the result.

PROPOSITION 4.3. Let M be a weight module with VS0 = My C M; C ---
(possibly infinite), with factors F; = M;/M;_; = M();), and let S be any subset of
b* such that \; € S for allt > 1. Suppose S = S; U S3 is a disjoint union and that
Hom(M (p), M(v)) = 0 whenever u € S1 and v € So. Then M has a submodule N
such that N has a VS whose factors are precisely those F; with A\; € S; and M/N
has a VS whose factors are precisely those F; with \; € Ss.

PROOF. Observe that, by Proposition 4.1, we also have Ext(M (u), M(v)) =0
whenever u € S; and v € S;. We first show, by induction on n, that each M,, has a
submodule NV, such that the conclusion holds for N, and M,,/N,, (taking only those
F; withi <n). Forn =1,if \; € S; then take N; = M; and otherwise take N; = 0.
Suppose n > 1 and that we have N,_; C M, _; as stated. By taking preimages
of the VS for M,,_1/Np_;, we have N,_; =V CV; C--- C Ve =M,y C M,
with each V;/V;_1 = M(u;) for some u; € Sp, and M, /M,_; = M()\,). Thus, if
An € S2 we are done by taking NV, = N,_;. Otherwise, if A, € S;, then applying
the lemma to the VS 0 = Vy/N,_1 CV1/Np_1 C --- C Vx/Np_1 C Mp/Np_; for
My /Ny_; and taking preimages gives N,_; = Vg CV/ C---CV{CV/ =M,
such that V{/N,_; = M(X,) and each V/, | /V/ = V;/V;_, fori=1,...,k, and we
are done by taking N, = V{. This completes the induction on n.

In the case where the VS is infinite, observe that N,_; C N, foreachn =1,2,...
(either equality holds when A, € Sz, or else one Verma factor is added at the top
when A\, € S;) and that there are monomorphisms M,_;/N,_; — M, /N, for
each n = 1,2,... (either they are isomorphic when A, € S;, or else one Verma
factor is added at the top when A, € S;). Thus, taking N = |J,~o Nn gives the
result. (N has the appropriate VS by definition, and M/N has the ‘appropriate VS
since taking the direct limit is an exact functor.)

COROLLARY 4.4. Let M be a weight module with VS0 = My C M; C ...,
with factors F; = M;/M;_1 = M();), and let S C b* such that \; € S for all 4.
Suppose S = S;USaU---U Sk s a disjoint union such that Hom(M (u), M(v)) =0
whenever p € S; and v € S; with @ < j. Then there exists a filtration 0 = No C
Ny C -+ C Nx = M such that each Nj/N;_y (j =1,...,k) has a VS whose factors
are precisely those F; with A, € S;.

PROOF. This follows from the proposition by an easy induction on k.

PROPOSITION 4.5. Let M' and M" both satisfy the hypotheses of Corollary
4.4 with S = S; U ---U Sk a disjoint union as stated there. Let 0 = Ny C Ni C
-+ C Ny =M and 0= Ny C N/ C--- C Ni = M" be filtrations as given in the
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conclusion of Corollary 4.4. Then for any g-module homomorphism ¢: M' — M"|
we have ¢(N]‘) C N]’.' for all 5 = 0,1,...,k, so that ¢ induces g-module maps
¢ Ni/N;_y — N}/N_,.

PROOF. If this did not hold for some j, then the composition N; 2 M-
M" /N;" would be nonzero, so that Hom(M (u), M (v)) would be nonzero for some
€S U---US; and some v € Sj;; U--- U Sk, contrary to hypothesis.

COROLLARY 4.6. Let M and S = Sy U---U Sk satisfy the hypotheses of Corol-
lary 4.4. Then the filtration 0 = Ng C --- C N, = M given in the conclusion of
Corollary 4.4 is unique.

PROOF. Apply the proposition to any two such filtrations, taking ¢: M — M to
be the identity map.

For the proof of the next theorem, we will need a technical fact regarding char-
acters of Verma modules, which is easy to prove.

LEMMA 4.7 [9, LEMMA 5.3]. Let A € b*, and suppose that 3_ ,, a,ch M(u)
= 0 for some set of integer coefficients a,. Then a, =0 for all p < A.

THEOREM 4.8. Let A € b*, and let S C {ulu < A}. Suppose
0-ME3MEM -0

18 a short ezact sequence in C()\). Further suppose that each of M', M, and M",
together with S = Sy U --- U S satisfies the hypotheses of Corollary 4.4. Let 0 =
NyCN{C---CN,=M,0=NgCNy C---CNx=M, and0=Nj C N/ C
-+ C Ny = M" be the filtrations given by Corollary 4.4. Then each of the induced
sequences

0 — NI/Ni_y % Nj/N;_y B NN, =0
18 ezxact.

PROOF. We assume k = 2, since for k > 2, the result follows by induction from
the case k = 2.
First, consider

(4.1) 0— N, &N BN S 0.

Clearly ¢; is injective, being the restriction of ¢, and Im ¢; C Ker; for the same
reason. Let 0 =V, C V; C --- be a VS for N{, so that N{' = |J,>o Vi and each
V;i/Vi1 = M (u;) for some p; € S;. For each i = 1,2,..., choose v; € (Vi) so
that v; + V;_; is a highest weight vector for V;/V;_;. Note that N}’ is generated by
{v1,v2,...}. Thus, if every v; € Im; then 1, is surjective. To show that every
v; € Im 1, suppose that some v; ¢ Im1);. We may choose such an 7 to be minimal,
so that {vy,...,v;—1} € Im4; and thus V;_; C Im, since {vy,...,v;—1} gener-
ates V;_;. But then we have a nontrivial homomorphism M (u;) = V;/V,_; —
N{/Im4¢; — M"/Imv; induced by the inclusion maps. Thus (M"/Im1; :
L(u;)) # 0. But we also have an epimorphism M/N; — M"/Im1; induced
by #, so that any subquotient of M”/Im1), is also a subquotient of M/N;. This
implies that (M/Ny : L(u;)) # 0, and hence (M (u) : L(u;)) # 0 for some factor
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M () in the VS for M/Ny, with u € S;. By Proposition 4.1, Hom(M (u;), M (n)) #
0. But this contradicts the assumption on S; and S,, so we have that v; € Imy,
for all 7, and hence Im; = N{'. This shows that

(4.2) ch N; = ch N{ + ch N{ + ch(Ker ¢/ Im ¢,).
On the other hand, we have

> (M : M(u)) ch M(p) = ch M = ch M’ + ch M”
HES

=Y (M ))ch M (u) + > (M" : M(y)) ch M (1).

HES HES
By Lemma 4.7, (M : M(p)) = (M’ : M(p)) + (M" : M(u)) for each u € S. Thus

(43)  chNy= ) (M:M(u))ch M(u)

HES
=D (M : M(u)chM(u) + 3 (M" : M(u)) ch M (u()
HES) HES)

=ch N{ + ch N{,

and
(44) ch(No/Ny)= Y (M : M(u))ch M(n)
HES2
= D (M":M(u)ch M(u) + D (M" : M) ch M (n)
HES?2 HES2

= ch(N}/N}) + ch(N§ /NY).

Comparing (4.2) and (4.3) gives ch(Kert;/Im¢;) = 0, so that Kerty; = Im¢,,
and the sequence (4.1) is exact.
Now consider the sequence

(4.5) 0 — N}/N! 23 Ny /N, ¥3 NY /N —

Clearly Im ¢2 C Ker 12, since 190¢2 is induced by ¢o¢, and 1, is surjective, since it
is induced by 9. Let v+ N; € Ker ;. Then ¢)(v) € N{ = Im 1, so that there exists
u € Nj such that ¥(u) = ¥(v). Thus v—u € Kery = Im ¢, and there exists w € M’
such that ¢(w) = v—u. But then ¢2(w+ Nj) =d(w)+ Ny =v—u+ N, =v+ Ny,
and we see that Ker 1, = Im ¢2. This shows that

(4.6) ch(N3/Ny) = ch(N§/Ny) + ch(N3 /N{') — ch(Ker ¢s).
Comparing (4.4) with (4.6) gives ch(Ker ¢2) = 0, so that the sequence (4.5) is exact.

5. Definition of the functors W;. We use the results of the previous two
sections to define certain functors on C()) and to show that these functors enjoy
nice homological properties. We will use Weyl group orbits in h* to partition
S = {u|lp < A} as in the last section. We thus begin with some facts regarding
Weyl group orbits.

The following proposition is well known. For a proof in the case of a nonsym-
metric GCM, see [9, Lemma 4.9].




LOCAL PROJECTIVE RESOLUTIONS 233

PROPOSITION 5.1. Letw € W andi € {1,...,l}. Ifv € P*, thenrjw-v < w-v
if and only if l(r;w) > l(w). Ifv+p € PY, then l(ryw) > l(w) impliesryw-v < w-v.

Observe that an easy induction on /(w) gives w - v < v for all w € W when
v+p€ Pt

PROPOSITION 5.2 [4, PROPOSITION 2.9]. Let v € P. If there exists p € b*
such that w-v < u for all w € W, then for some w € W we have w-v + p € Pt.

The next proposition is proved using the completion functors of T. Enright in-
troduced in [3] and generalized to Kac-Moody algebras in [11].

PROPOSITION 5.3 [11, PROPOSITIONS 8.11 AND 8.13]. Let p,v € P and
1€ {1,...,1}. Let it be the higher of 4 and r; - p, and let U be the higher of v and
r; - v. Then any imbedding of M(p) in M(v) extends to one of M (@) in M (D).

COROLLARY 5.4. Letv+p€ Pt andw € W. If Hom(M(u),M(w - v)) #0,
then there is some w' € W with w' - p+ p € Pt and Hom(M (w' - u), M(v)) # 0.

PROOF. It is well known, and easy to show by induction on /(w), that M(w - v)
imbeds in M (v), so we have Hom(M (r), M (v)) # 0. But now, by Proposition 5.3
and induction on {(z), Hom(M(z - u),M(v)) # 0 for all z € W. In particular,
z-u < v for all z € W, and by Proposition 5.2, we may choose w’ € W such that
w'-pu+p€Pt.

For the remainder of this section, fix A, v € b* such that v < A and v + p € PT.
Take S = {pulp < A}, S1 ={p € Slw-pu £ v for some w e W}, S; = {w-v|w e
W}=W v,and S; = {p € S|lw-pu < v for all w € W}. Observe that S is the
disjoint union of S;, Sz, and Sj. :

LEMMA 5.5. Let S1, So, and Sz be as in the above discussion. Then
Hom(M (u), M(x)) =0
whenever p € S; and x € S; with1 < j.

PROOF. We have three cases to consider. If u € S; and x € Sz, then x = w - v
for some w € W. Suppose Hom(M (u), M(x)) # 0. Then, by Corollary 5.4, there is
some w’' € W with w’-u+p € P* and Hom(M (v’ - u), M(v)) #0. Thus w’ - pu < v,
and by Proposition 5.1 and an easy induction on I(z), zw’ - u < v for all z € W.
This contradicts the definition of S;, and therefore Hom(M (u), M(x)) = 0.

For the other two cases, observe that if x € Ss, then by Proposition 5.2 we
must have x = w - 7 for some n < v and w € W with n + p € P*. Thus, if
i € S; and x € Sz, then the same argument as in the above paragraph shows
Hom(M (p), M(x)) = 0. Also, if 4 € Sy and x € S3 with Hom(M(u), M(x)) # 0,
then since x = w-n with n+p € Pt we have by Corollary 5.4 that there exists w’ €
W with w'-pu+p € Pt and Hom(M (w' - u), M(n)) # 0. But then w’-u < 7, so that
zw’ - u < n for all z € W, by Proposition 5.1 and induction on I(z). In particular,
v <n=w"!"x, contradicting the fact that x € S3. Thus Hom(M (u), M(x)) =0
in this case, also.

The above lemma allows us to apply the results of §4 to any M € ObC())
with a VS, obtaining a filtration 0 = Ng C N; C Ny C N3 = M as in Corollary
4.4. We will be particularly interested in the subquotient N;/N; of M, which we
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henceforth denote M), so that M(*) has a VS whose factors are precisely those

of M with highest weights in the Weyl group orbit W - v. Also, if o: M — M’

is a g-module homomorphism, we will denote the induced map ¢o: M*) — M'(¥)

given in Proposition 4.5 by ¢(*): M(*) — M'(*), Recall that the finitely generated

projectives in C(A) have finite VS, so that these results may be applied to them.
DEFINITION 5.6. Let M € ObC()), 1 € b*, and suppose that

d d d
oPS% BB M0

is a local projective resolution of M at u. For each k£ = 0,1,..., we define the
module Wy #M to be the kth homology of the complex

(v) (v) (v)
L e I R WSSO

If M’ € ObC()) and
O W S o N VLN

is also a local projective resolution at u, for any ¢: M — M’ we let

dx
K

-~ P O - T V|
Lo loo le
A T O S - ¥ (A

be a morphism of complexes as in Proposition 3.8. Then we define W ,¢: W M —

WY ,M' to be the map which ¢fc") induces in homology.

Observe that, since the morphism of complexes in Proposition 3.8 is unique
up to homotopy, the map Wy ¢ is independent of the choice of the morphism of
complexes. In fact, applying this argument to the identity map M — M, we see
that Wy ”M is independent of the choice of the local projective resolution at u. It
is now easy to see that Wy, is a functor on C(A).

REMARK. It appears that W MM may depend on A, since the projectives in
C(A) are most likely not projective in other such categories. We will see, however,
in Corollary 6.4 below, that this is not the case, provided A is such that all weights of
M are < ). For this reason, we have chosen to omit A from the already cumbersome
notation for our functors.

By Proposition 3.8, if M € ObC(\) and p; > pg, then for any local projective
resolutions

o P> -5 P> M-—0

and
o Q== Qoo M—0

of M at p; and uq, respectively, we obtain from the identity map M — M a
morphism of complexes which induces a map in homology Wy , M — W/ M
which is well defined, since the morphism of complexes is unique up to homotopy.
For the same reason, when u; > p2 > u3, the composition Wy, M — Wy, M —
Wy 4, M is the same as the map Wy, M — WY, M, since we may simply compose
the two morphisms of complexes. This allows us to make the following definition.
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DEFINITION 5.7. Let M € ObC()). For each k = 0,1,..., define WM =
injlimWy M. Similarly, if ¢: M — M’ is a morphism in C()), define Wy¢ =
injlimWy ,¢.

REMARK. For now, we have no guarantee that W M is an object in C(}), since
the weight spaces may no longer be finite dimensional. We will see in Corollary 6.3
below that it is an object in C(A), but for now, we simply consider Wy M to be a
g-module.

THEOREM 5.8. Let u € bh*, and suppose
0-ME2MLEM -0
18 a short exact sequence in C()). Then there is a long exact sequence
o WELM! Meg? WeuM Meg? Wi uM"
Wy Ml e e g,
PROOF. By Proposition 3.10 we may choose local projective resolutions

o P> Pp—> M — 0,

and
o Pl s P M0

of M', M, and M", respectively, at u in such a way that

0 0
| |
Lo« l#o
- P - -+ = P - 0
Lok lwo
— Pl,c/ e P(’)’ — 0
l l
0 0

is a short exact sequence of complexes. Note that each column is a short exact
sequence of modules with VS, so that passing to the subquotients,

0 0
|
N ,/c(") N P(;(V) = 0
Lo log”
— Pk(:") - e > Pc(’y) — 0
(7 Lol
P,:/(U) N P(I)I(u) = 0
| !
0 0

is a short exact sequence of complexes by Theorem 4.8. Therefore, we obtain the
long exact sequence in homology.
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COROLLARY 5.9. Suppose
0-ME&2ML M -0
18 a short ezact sequence in C()). Then there is a long ezxact sequence
wrm EEwrm Y wy M
—wr M R e
PROOF. This follows from the theorem and the fact that taking the direct limit

preserves exactness.

6. Properties of the functors W;. We retain the notation of §5. We will
analyze in greater detail the modules WM for the case where M has a VS, and
use this analysis to prove certain properties of the functors Wy.

PROPOSITION 6.1. Let M € ObC()) have a VS. Then
MW gfk=0,
0 if k> 0.

Furthermore, if M and N are two such modules, and ¢: M — N 1is a g-module map,
then W§' ¢ is just the map ") induced by ¢.

W:Mg{

PROOF. We first consider the functors Wy u for 4 € b*. Suppose that 0 =
Mo CM C---and 0= Ny CN; C-- are VS for M and N, respectively. By
Proposition 4.1 and Lemma 4.2, we may alter the VS, if necessary, so that for some
mmnée€Z;y wehave 0 =My C M, C---CMpand0=NyC Ny C---CN,in
which all Verma factors are of the form M(x) with x > u and M/M,, and N/N,
have no weights > u. Observe that ¢(M,,) C N,, since M,, is generated by vectors
of weights > u. Now, applying Theorem 3.5 to M,, and N,, we obtain projective
resolutions

(61) _.Pki'.‘,_,Pogng_'O
and

such that all kernels and images have VS, and where each Pr and each Qy is
a finite direct sum of various I(x) with x > u. Note that the restricted map
¢: My, — N, induces maps ¢x: Py — Q for k =0,1,... in the usual way to give
a morphism of complexes. Since M/M,, and N/N, have no weights > p, these
resolutions (followed by the inclusion maps M,, C M and N, C N) are actually
local projective resolutions of M and N at u.

Now, since all the kernels and images in (6.1) and (6.2) have VS, these resolutions
are obtained by splicing (i.e taking the Yoneda product of) short exact sequences
in which all terms have VS, so that by Theorem 4.8 the commutative diagram

) - Plsu) dz’ o Pé") d&) M,(,;') o
(6.3) le” lag” Lot
o) oA
R Ecu) k RN Q(()) o, Nr(tu) = 0
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has exact rows. Thus, dropping the last module in each row of (6.3) and taking
the homology gives Wy ,M = 0 = W¢ N for all k > 0, W§ ,M = M), and
W§ N = N with the map W§ . 9: M) — N being the induced map ¢(*).
The result now follows by taking direct limits.

THEOREM 6.2. Let M € ObC(])), and suppose
—-kad—k&d—lbDOﬂ)vM—»O

i3 an ezact resolution of M in C()) in which every Dy has a VS. Then WM =

Hi( ﬁ")). In other words, WY M may be computed as the kth homology of the

complez
) d"” @
-~ DY L DY) —o.

PROOF. Let N; = Kerd; = Imd;4; for ¢ = 0,1,... and N_; = M. Then we
have short exact sequences

0-NED, BN -0
for all z > 0, where each ¢; is the inclusion map, and each ; is the restriction of
d;. Note that the composition

Wo Yit1 Wg o
—

W Diyy WEN; 2 W D;

is just the induced map
D(V) '+‘ D(V)

by Proposition 6.1, so that Im(W{ ¢;) = Im(df:)l) From the fact that Wy D; =0
for all 7 by Proposition 6.1, and from the long exact sequences in homology, we
obtain the commutative diagram

W§' Nit1
Wi
W Dty

d(l’)
w4
0 - W!N,_, — W{N; — WgD, — W§N,_y — 0
14Vi-—-1 04V W(;'d’i O'W;zb.» 04iVi—-1
|

0
with both the row and the column exact. Thus,
WY N;-1 = KerWg ¢; = Kerd"), / InWg ¢i11
= Kerd), /Imd), = H;41(D™)
and W N;_; = Coker W} ¢; = Coker dE_';_)l for all7 > 0. This gives immediately that

WYM = W¥N_, = Cokerd\") = Ho(D")) and W¥M = W¥N_, = H,(D"). For
k > 1, we use the short exact sequence

0—-Ng—=Dyg—-M-—0
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to obtain the long exact homology sequence
= 0=W¢Dy - WM - W, _No—-W/_Dy=0—---
by Proposition 6.1. Thus WM = W/_, No. By induction on k, since
> Dg— > Dy —> Ny —0

is an exact resolution of Ny, we have WM = W _ Ny = Hk(D,(.")).
We now use this theorem to obtain some properties of the functors W. For the
proofs of these, recall the standard resolution

= U(g) ®u(s) A¥(g/b) = -+ = U(g) ®u(s) A°(g/b) = K — 0

of the trivial one-dimensional module K constructed and shown to be exact in [1,
Theorem I1.9.1].

COROLLARY 6.3. For any M € ObC()) and any k >0, WM € ObC(A).

PROOF. Tensoring the standard resolution of K with M and applying [4, Propo-
sition 1.7] gives an exact resolution

(6.4) i Dg— > Dyg— M0

of M in C()) with each Dy = U(g) ®u(s) (A¥(g/b) ®k M) for k =0,1,.... It is
well known, and easy to show, that each of the modules Dy has a VS. Thus, by
the theorem, W M is the kth homology of a complex in C()), hence WM is an
object in C(A).

COROLLARY 6.4. WM 1is independent of the choice of A, provided that all the
weights of M are < \.

PROOF. Again, we consider the exact resolution (6.4) of M. The highest weights
of the Verma factors in the VS for Dy are just the weights of A¥(g/b) ®x M, hence
are all < ) for any such A. Thus, this resolution consists of modules in C()) for
any such A, and the result now follows from Theorem 6.2.

COROLLARY 6.5. Let u € g* and suppose M € ObC(A) has no weights > p.
Then WZM also has no weights > p for each k > 0.

PROOF. This also follows from the resolution (6.4) of M, since none of the Dy
have any weights > u.

We have seen, from the long exact homology sequence, that Wy is a right exact
functor. In the remainder of this section, we will show that for certain “nice”
modules, W{ is “exact on the W-orbit of v,” in the sense that the obstruction to
its exactness involves only irreducible subquotients with highest weights outside of
W - v (cf. Theorem 6.9 below for the precise statement).

For the following lemma, recall the sets S = {ulu < A}, S; = {plw-p £ v for
some w €W}, S =W v, and S3 = {u|w - u < v for all w € W} defined in §5.

LEMMA 6.6. Let M € ObC()\) be a highest weight module of weight p. If
ugwW. v, then WeM =0. If p e W - v, then Wy M is a nonzero highest weight
module of weight p, and there is an epimorphism m-W§M — M such that any
irreducible subquotient of Kerm is of the form L(x) with x € Ss.

PROOF. Let

(6.5) 0>V ->Mu —-M-—>0
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be a short exact sequence. If u ¢ W -v, then by Proposition 6.1 we have W§ M (u) =
0, and since Wy is right exact, Wy M = 0. Thus, we may assumee that u € W - v.
Let

(6.6) o Ve VoV =0

be an exact resolution of V such that each V,, has a VS. (One may be obtained by
tensoring V with the standard resolution of K.) Splicing together (6.5) and (6.6)
gives the resolution

(6.7) s Ve Vi A MW - M0

of M.

Recall the filtration 0 = Ny C N; C Ny C N3 = V; of V; associated with the
disjoint union S = S; U Sz U S3 given by Corollary 4.4, so that Vl(") = N3 /Nj.
Now ¢(N;) = 0 by Lemma 5.5, so that Im¢(*) = ¢(N;) €V S M(u). Now, by
Theorem 6.2, WY M = Coker ¢(*) = M(u)/Im ¢*) = M(u)/$(Nz). Thus, W¥M
is a nonzero quotient of M(u), hence a nonzero highest weight module of weight p.

Also, from (6.7) we have M = Coker¢ = M(u)/¢(N3), so that there is an
epimorphism m: WM = M(u)/¢(N2) — M(pn)/#(N3) = M induced by the iden-
tity map on M(u). Note that Kerm = ¢(N3)/¢(N2). Hence, any irreducible
subquotient L(x) of Kerw is a subquotient of N3/N;, and must therefore be
a subquotient of some Verma module M(n) with n € S3. By Proposition 4.1,
Hom(M (x), M(n)) # 0, and thus by Lemma 5.5 we must have x € Ss.

PROPOSITION 6.7. Let M € ObC(A). For anyw € W, (W§M : L(w - v)) <
(M : L(w - v)).

PROOF. Let 0 =My C M, C---C M, = M be an LCS for M at w-v. We use
induction on n.

If n = 0, there is nothing to prove, so assume n > 0. From the short exact
sequence

0—-M, 1> M- M/M,_; -0,
we obtain the long exact sequence
> WeMy_y — WoM — Wg'(M/Myp_y) — 0,
which shows that
(WM : L(w ) < (W§Ma_y : L(w- v)) + (W (M/Ma-1) : L(w - v)).

By induction, (W¥Mp,_; : L(w-v)) < (Mp—1 : L(w-v)). If M/M,,_ has no weights
> w - v, then by Corollary 6.5 neither does Wy (M/M,_1), so we are done in this
case. Otherwise, M/M,_; = L(u) for some p > w - v. But then, by Lemma 6.6,
the only way L(w - v) could occur as a subquotient of W} L(u) is to have u = w- v,
in which case it occurs with multiplicity one.

COROLLARY 6.8. Foranypu € SoUS3 and anyw € W, (W} L(u) : L(w-v)) = 0.

PROOF. Consider a short exact sequence

(6.8) 0—-M— M(u)— L(u) —0.
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Since W} M (u) = 0 by Proposition 6.1, the long exact homology sequence gives the
exact sequence
0 — W{'L(p) = Wo'M — W5 M(u) — Wg L(p) — 0.
This implies
(WYL(w) : Lw-v)) = WEM : L{w-))=(Wg M(g) : L(wv))+(WEL(k) : L(w-v)).
If p € S3, then W¥M(u) = 0= W§L(u), so that
(WiL(u) : L(w-v)) = WoM : L(w - v)) < (M : L(w - v))

by Proposition 6.7. But L(w - v) cannot be a subquotient of M in this case,
since otherwise it would be a subquotient of M (u), so that by Proposition 4.1 we
would have Hom(M(w - v), M(u)) # 0, contradicting Lemma 5.5. Thus (W L(u) :
L(w-v)) =0 in case u € S3.

If u € Sy, then WyM(u) = M(u) by Proposition 6.1, and there is an epi-
morphism 7: W§ L(u) — L(u) with (Kerw : L(w - v)) = 0 by Lemma 6.6. Thus
(WeM(p) : L(w-v)) = (M(u) : L(w-v)) and (Wg L(w) : L(w-v)) = (L(k) : L(w-v)),
and from Proposition 6.7 we obtain

(WYL(w): L(w- v))
=WoM: L(w-v)) — (WgM(u) : L(w - v)) + (Wg L(w) : L(w - v))
= (W¢M : L(w-v)) — (M) : L(w - ) + (L() : L(w - )
S(M:L{w-v)) - (M(p) : L(w - v)) + (L(p) : L(w - v))
=0,
where we have used (6.8) for the last equality, and the result follows.

The next theorem deals with certain modules M in the category C(A) which
are “nice” with respect to v. We remark that the full subcategory of C()) whose
objects are those modules M satisfying the hypotheses of the theorem is an abelian

category, since it is closed under taking submodules, quotients, and finite direct
sums.

THEOREM 6.9. Let M € ObC()) such that every irreducible subquotient of M
is of the form L(x) with x € Sy U S3. Then for all w € W we have
(W¥M : L(w-v)) = (M : L(w-v)) and (W¢M : L(w - v)) =0 for all k > 0.

PROOF. Let0=My C M; C--- C M, = M be an LCS for M at w-v. We first
consider W5 M, using induction on n. If n = 0, then there is nothing to prove, so
assume n > 0, and consider the short exact sequence

0—-M,_y—-M-—>M/M, ; —0.
This gives rise to the exact sequence
o WY (M[Mo_y) = W Mp—y — WEM — WE (M/My_y) = 0.
Since M /M, _; either has no weights > w - v or is irreducible,
(WY (M/Mpn_y) : L(w-v)) =0
by Corollary 6.5 and Corollary 6.8. Thus
(WoM : L(w - v)) = (Wg'Mn_y : L(w - v)) + (W5 (M/Mn_y) : L(w - v)),
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and by induction and Lemma 6.6 we are done with the proof of the statement
regarding Wy M.

Now, for k = 1 we have that (W{F : L(w-v)) = 0 when F is a factor in the LCS
for M at w - v, by Corollaries 6.5 and 6.8. Thus, from the exact sequence

Wi{Mp_1 > WM — W{(M/M,_,),

we have (WM : L(w - v)) = 0 by induction on the number of factors in the LCS.
For k > 1, we use induction on k. First consider L(x) for x € S; US3. From the
short exact sequence
0—~N—-M(x)—L(x)—0

and Proposition 6.1, we obtain the exact sequence
0=W¢M(x) = W¢L(x) = W¢_ N - W_1M(x) =0,

so that (W{L(x) : L(w - v)) = (W{_;N : L(w - v)). Note that by Proposition 4.1
and Lemma 5.5, N satisfies the hypotheses of the theorem, so that by induction
on k, (W¢L(x) : L(w - v)) = (W{_{N : L(w - v)) = 0. Finally, this fact together
with Corollary 6.5 shows that any factor F in the LCS for M at w - v satisfies
(WEF : L(w-v)) =0, so that an easy induction on the number of factors gives
(W¢M : L(w-v)) =0.

7. Translation functors. In this section we use the functors W§ to define
translation functors analogous to those introduced by J. C. Jantzen in [5] and,
applying these to Verma modules and irreducibles, we obtain a translation principle
regarding multiplicities of irreducible subquotients in Verma modules.

We will place some restrictions on A and v henceforth. In particular, assume
A € P*. Let n € P*, and set v = A +7n. Observe that this implies v € P*. Also,
since n € P*, L(n) is a locally finite a;-module for each 7 = 1,...,, so that by the
representation theory of sl(2, K), dim L(n), = dim L(n),,yx for all x € b* and all
¢ =1,...,l. By induction on /(w), dim L(n), = dim L(n)y, for all x € h* and all
weWw.

DEFINITION 7.1. For any M € Ob(C/(), define the translation of M from A to
v by TYM = W§(L(n) ®k M). Thus, the functor T} is the composition of the
exact functor L(n)® x— and the right exact functor W{, so that TY is a right exact
functor on C().

PROPOSITION 7.2. Letu+p€ Pt withu < A, and let w € W. Then L(n) ®k
M (w-p) has a VS whose factors are of the form M (w'-x) with x < v and x+p € P*.
Also, L(n) ® x M(w - X) has a VS whose factors are M (w - v) with multiplicity one
together with factors of the form M(w' - x) with x < v and x + p € P*.

PROOF. In general, L(n) ®x M (&) has a VS with (L(n) ®x M(&) : M(¢)) =
dim L(n)¢—¢ for any &,¢ € b*. Thus, if 4 < X with g+ p € P, then for any Verma
factor M(¢) in the VS for L(n) @ x M(w - p) we have that ¢ — w - u is a weight of
L(n). By the discussion preceding Definition 7.1, we see that z(¢ —w- ) < 5 for all
z € W. Also, by Proposition 5.1, (zw) - u < u for all z € W. Thus, forall z e W
we have

g¢=z-(wpts—w-p)=(zw) ptz(i—w-p)<p+n<Atn=v




242 WAYNE NEIDHARDT

Note that equality can only hold in case u = A, (zw) - A=A, and z(¢ —w - A) = A
Thus, in case £ < A we have z - ¢ < v for all £ € W, so that by Proposition
5.2, we have ¢ = w' - x for some x < n with x + p € P*. In case u = X, we
still have z - ¢ < v for all £ € W, with equality holding only when (zw) - A = A
and z(¢ — w-A) = n. Thus, if - ¢ = v holds for some z € W, then z = w™!
by Proposition 5.1 and induction on /(zw) applied to the fact that (zw) - A = A,
and we have ¢ = w-vand ¢ —w-A =w-v—-—w-A = wlv— ) = wn and
(L(n) ®x M(w-A) : M(w - v)) = dim L(n)wn = 1. On the other hand, if we never
have equality then z-¢ < v for all z € W, and by Proposition 5.2 we have ¢ = w’ - x
for some x < v with x +n € P*.

COROLLARY 7.3. Let u+p€ Pt with u < X, and let w e W. Then
TXM(w-p)=0 ifp<),

and
TYyM(w-p)=Mw-v) ifu=A\

PROOF. Since L(n) ® x M(w - 1) has a VS as described in the proposition, this
follows from Proposition 6.1.

COROLLARY 7.4. Letu+p€ Pt with u < ), and let w e W. Then L(n) @k
L(w- p) has a filtration of submodules 0 = Lo C L; C -+ with L(n) ®x L(w - u) =
U;>0 Li such that each L;/L;—y (¢ = 1,2,...) is either zero or a highest weight
module of weight w; - x; for some w; € W and some x; < v with x; + p € P+.
Furthermore, if u < A then all x; < v, and if u = A then we may arrange to have
X1 =V and w; = w and all other x; < v.

PROOF. Recall the sets S = W - v and S3 = {¢|z-¢ < v for all w € W}
introduced in §5. By Lemma 5.5, Hom(M (w - v),M(¢)) = 0 for all ¢ € S3. By
Proposition 7.2, L(n) ® xk M(w - p) hasa VS 0 = My C M; C ---, and by the
description of the Verma factors given there, together with Proposition 5.1, we see
that if u < A then all the Verma factors M(¢) satisfy ¢ € S3, and if u = A then
all the Verma factors M(¢) except one satisfy ¢ € S3, and the one exception is
M (w - v). Thus, in case u = A we may arrange to have M; = M(w - v), by Lemma
4.2.

Now L(n)®k— is an exact functor, so there is an epimorphism

¢:L(n) @k M(w - p) — L(n) ®k L(w - p).
Setting L; = ¢(M;) gives the result.

COROLLARY 7.5. Let u+p€ Pt withu < A, and let w € W. Then L(n) ®k
L(w - ) has no subquotients of the form L(z -v) withz € W.

PROOF. This follows from Proposition 4.1, Lemma 5.5, and the filtration given
in Corollary 7.4.

For the next proposition, we need the notion of a contravariant form on a g-
module M. This is a symmetric bilinear form (—,—) such that (z - m;,mg) =
(my,0(z) - mg) for ali z € g and all m;, my € M, where 0:g — g is the involutive
antiautomorphism introduced in the definition of g. It is known (cf., for example,
[8]), that if M is a highest weight module, then M has a unique contravariant form
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up to scalar multiples, and the radical of a nonzero contravariant form on M is its
unique maximal submodule. In particular, any irreducible highest weight module
has a nondegenerate contravariant form.

Another idea we will need for the next proposition is as follows. If M is a
weight module over g, let M# be the g-module whose underlying vector space is
the subspace of M* (the dual vector space of M) consisting of those f:M — K
which vanish on all but finitely many weight spaces of M, and whose g-module
structure is defined by (z - f)(m) = f(o(z) -m) forallz €g, f € M#, and m € M.
It is well known that M# has the same local composition factors as M (in reverse
order). This follows easily from the fact that ch M# = ch M for any weight module
M.

PROPOSITION 7.6. Let w € W. Then L(n) ®k L(w - A) either has no subquo-
tients of the form L(z - v) with x € W, or else it has L{(w - v) as a subgquotient with
multiplicity one and no other subquotients of the form L(z-v) withz € W.

PROOF. Since L(n) and L(w - A) each have nondegenerate contravariant forms,
so does L(n)®x L(w-A), and we denote this form by (—,—). Let0=Lo C L; C---
be the filtration of L(n)®x L(w-A) given in Corollary 7.4. Since by Proposition 4.1
and Lemma 5.5 we cannot have L(z - v) occurring as a subquotient of any L,/L;_;
for 7 > 1, we have that (L(n) ®x L(w-A) : L(z-v)) = (L : L(z-v)) for all z € W.
Thus, if L; = 0 we are done. Assume L; # 0. Then (L; : L(w - v)) = 1, since L,
has highest weight w-v. Let M be the maximal submodule of L;. We will be done
if we can show that (M : L(z - v)) = 0 for all z € W. Since M is in the radical of
the restriction of (—,—) to Ly, if me€ M and 5 =v+ L, € (L(n) ®k L(w-A))/L,
then (m,v) is independent of the choice of coset representative v for 7. Thus, we
may define a linear map ¢: M — ((L(n) ®k L(w - A))/Ly)* by ¢(m)(@) = (m,v).
Since the form is contravariant, ¢ is actually a g-module homomorphism ¢: M —
((L(n)®k L(w-A))/L,)*. Also, since (—, —) is nondegenerate, ¢ is injective, so that
if L(z-v) is a subquotient of M then it is also a subquotient of (L(n)®k L(w-A))/Ly,
which cannot happen by Proposition 4.1 and Lemma 5.5. Thus (M : L(z-v)) =0
forallzeW.

This result will be strengthened in the course of the proof of the following theo-
rem.

THEOREM 7.7. Let \,n € P* with \+n =v. For any w;,wy € W,
(M(wy -v) : L(wg - v)) = (M(wy - A) : L(wa - A)).

PROOF. By Proposition 7.2, L(n) ® x M(w; - A) satisfies the hypotheses of
Theorem 6.9. Thus, from Corollary 7.3 we have

(M(wy -v): L(wg - v)) = (TYM(wy - A) : L(wz - v))

= (Wg (L(n) ®x M(wy - X)) : L(w; - v))
= (L(n) ®k M(wy -v) : L(w; - v)).
(w1

Let0=MyC M; C---CM,=M(w;-A) be an LCS for M(w; - A) at wg - v — 7,

with factors F; = M;/M;_, fori = 1,...,n. Observe that wy-v—n < wy-v—won =

~wa - (v —n) = wa - A, so that this is also an LCS for M(w; - A) at we - A. Then we
have the filtration

0=L(n) ®« Mo C L(n) ®k My C --- C L(n) ®Kk My,

= L(n) ®k M(w; - A)
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with factors L(n) ® x M;/L(n) ®x M;—1 = L(n) ®k F; fori =1,...,n. Thus
n
(M(wi -v): L(w; -v)) = > (L(n) ®k F; : L(w - v)).
1=1
Now, if F; has no weights > ws - v — 7, then L(n) ®k F; has no weights > w, - v,
so that (L(n) ®k F; : L(wz - v)) = 0. On the other hand, if F; = L(x), then by
Corollary 7.5 and Proposition 7.6, we have (L(n) ®k F; : L(wz - v)) = 0 unless
X = wg - A, in which case (L(n) ®k L(wsz - A) : L(ws - v)) = 0 or 1, independently
of 7 and independently of w;. To summarize,
n
(M(wy - v): L(wy - ) = ) _(L(n) ®x F; : L(ws -v))
=1
_ { (M(wy - A) : L(wz - A)) if (L(n) ®k L(wz - A) : L(wz - v)) =1,
0 if (L(n) ®k L(wg - A) : L(wg - v)) =0.
But for the special case of w; = ws, the multiplicity is known to be nonzero, so we
must have (L(n) ®x L(wa - A) : L(wq - v)) = 1, and thus (M (w; - v) : L(wsy - v)) =
(M(wy - A) : L(wg - L)) for all wy, ws € W.

COROLLARY 7.8. For any wy,w; € W,
1 f wy = wy,
0 f wy # ws.

PROOF. From the proof of the theorem, (L(n) ®x L(w; - A) : L(w; - v)) = 1,
and by Proposition 7.6, (L(n) ®x L(w; - A) : L(wg - v)) = 0 if w; # wy. But
L(n) ®k L(w; - ) satisfies the hypotheses of Theorem 6.9, by Corollary 7.4. Thus

(TXL(wy - A) : L(wz - v)) = (W5 (L(n) ®k L(wy - A)) : L(ws - v))
= (L(n) ®k L(w: - A) : L(wz - v))

(TfL(wl : /\) : L(’U)2 . l/)) = {

and the result follows.
COROLLARY 7.9. For any v € P* and any wy,ws € W,
(M(wy - v) : L(wy - v)) = (M(w; - 0) : L(w; - 0)).

PROOF. Observe that taking A =0 € Pt andn = v — A = v € Pt, we may
apply Theorem 7.7 to this special case.

THEOREM 7.10. For any A\,u € Pt and any wy, w2 € W,
(M(wy-A) : L(wz - A)) = (M(wy - ) : L(wz - p)).
PROOF. Applying Corollary 7.9 twice, we have
(M(w1 - A) : L(ws - A)) = (M(wy - 0) : L(wz - 0)) = (M (wy - p) : L(wz - ).
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